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We demonstrate here, using �-quartz as an example, that IR-visible sum-frequency �SF� spectroscopy can be
employed to probe zone-center optical phonons of crystals without inversion symmetry. Because only modes
both IR and Raman active are allowed in the SF process, the observed phonon spectrum is greatly simplified.
The intrinsic flexibility of SF spectroscopy also permits more accurate determination of relative magnitudes
and signs of relevant Raman polarizabilities.
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I. INTRODUCTION

Zone-center optical phonons of a crystal are important
characteristics of the crystalline structure. They are usually
studied with IR and Raman spectroscopy techniques, which
provide complementary information about the phonons. Re-
cently, IR-visible sum-frequency spectroscopy has become
increasingly popular.1 It is obvious that sum-frequency �SF�
spectroscopy can also be used to probe phonons if the IR
input is tunable over phonon resonances. However, only a
few phonon-related SF studies exist so far2,3 and they are not
concerned with investigation of phonon properties. We report
here a study on �-quartz to demonstrate the capability of SF
spectroscopy to study phonons.

Sum-frequency generation �SFG� is a second-order non-
linear optical process in which two input pulses of different
frequencies overlap in a medium and generate an output at
the sum frequency.4 When the IR input tunes over a phonon
resonance, the SF output exhibits accordingly a resonant en-
hancement �Fig. 1�a��. This then leads to a spectrum for the
zone-center optical phonons. By symmetry, SFG is only al-
lowed in crystals without inversion symmetry and resonantly
enhanced only with phonon modes that are both IR and Ra-
man active.4 The latter helps simplify the detected spectrum,
which can be an advantage in assigning phonon modes in the
spectrum of a crystal that is highly congested. That the po-
larizations of input and output beams are independently ad-
justable in SFG also helps. It facilitates symmetry identifica-
tion and characterization of the phonon modes and permits
accurate determination of relative magnitudes and signs of
their Raman polarizabilities.

To demonstrate SF spectroscopic study of phonons, we
used �-quartz as an example. The zone-center phonon prop-
erties of �-quartz have been well studied by IR and Raman
spectroscopies, showing that only modes belong to the E
representation are both IR and Raman active.5–7 The E
phonons appeared clearly in our SF spectra, and their char-
acteristics matched well with those deduced from IR and
Raman measurements. Our results, however, provide much
better accuracy in determination of relative magnitudes and
signs of the relevant Raman polarizability elements. This
case illustrates that SF phonon spectroscopy can provide use-
ful complementary information to IR and Raman spec-
troscopies in studies of phonons of noncentrosymmetric
crystals.

II. THEORETICAL BACKGROUND

The basic theory of IR-visible SF spectroscopy is well
established.8 We focus here on SFG in reflection from a
sample depicted in Fig. 1�b�. A visible beam at fixed fre-
quency �vis and a tunable IR beam at frequency �IR overlap-
ping on the sample generate a SF signal S��SF=�vis+�IR� in
the reflected direction. We consider media without inversion
symmetry, for which the surface contribution to SFG is gen-
erally negligible. In terms of the bulk nonlinear susceptibil-
ity, �J�2� the signal is given by

S��SF� � ��e�SFLJSF� · �J�2�:�LJvis · e�vis��LJIR · e�IR�/�k�2. �1�

Here LJn is the tensorial Fresnel transmission coefficient at
�n, e�n is the unit polarization vector of the beam at �n, and

�k��k���SF�−k���vis�−k���IR�� is the wave vector mismatch

of SFG with k���n� denoting the complex wave vector at �n
in the medium.4 The Fresnel coefficients in the laboratory
coordinates �x ,y ,z� with z along the surface normal and x-z
defining the incidence plane have the expressions,9

Lxx��n� =
2kz��n�

���n�k0z��n� + kz��n�
,

Lyy��n� =
2k0z��n�

k0z��n� + kz��n�
,

Lzz��n� =
2k0z��n�

���n�k0z��n� + kz��n�
, �2�

FIG. 1. �Color online� �a� Energy level diagram illustrating the
SF process. �b� Schematics of the experimental arrangement for SF
spectroscopy.
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where � and k0 refer to the dielectric constant of the medium
and wave vector in air, respectively. The nonlinear suscepti-
bility �J�2� is a characteristic of the medium. As �IR ap-
proaches an optical phonon resonance, �J�2� is resonantly en-
hanced. For discrete resonances, it can be expressed as8

�J�2� = �JNR
�2� + �

q

AJq
�2�

�IR − �q + i�q
, �3�

with �JNR
�2� being the nonresonant contribution, and AJq

�2�, �q,
and �q denoting the amplitude, resonant frequency, and the
damping coefficient of the qth resonance, respectively.

We are interested in studying optical phonons of �-quartz,
which has rhombohedral structure of point-group symmetry
D3 �32�.10 Its �J�2� tensor has in general the following nonva-
nishing elements:4

�aaa
�2� = − �abb

�2� = − �bba
�2� = − �bab

�2� ,

�abc
�2� = − �bac

�2� , �acb
�2� = − �bca

�2� and �cab
�2� = − �cba

�2� , �4�

where �a ,b ,c� denotes the set of principal axes with c and a
parallel to the threefold and twofold axes, respectively. The

�J�2� elements expressed in the laboratory coordinates �x ,y ,z�
are related to those in the crystal coordinates �a ,b ,c� by

�ijk
�2� = �lmn

�lmn
�2� �i� · l���j� · m� ��k� · n�� . �5�

In our experiment, we oriented �-quartz with the c axis
along z, and the � axis at an angle 	0 away from the x-z

plane. We then have a�=cos 	0x�+sin 	0y�, b�=−sin 	0x�
+cos 	0y�, and c�=z�, and the nonvanishing elements in the
laboratory coordinates are

�xxx
�2� = − �xyy

�2� = − �yxy
�2� = − �yyx

�2� = �aaa
�2� cos 3	0,

�xxy
�2� = �xyx

�2� = �yxx
�2� = − �yyy

�2� = �aaa
�2� sin 3	0,

�xyz
�2� = − �yxz

�2� = �abc
�2� ,

�xzy
�2� = − �yzx

�2� = �acb
�2� and �zxy

�2� = − �zyx
�2� = �cab

�2� . �6�

With x-z taken as the plane of incidence, measurements us-
ing polarization combinations SSS �denoting S-, S-, and
S-polarized SF output, visible input, and IR input, respec-
tively�, SPP and PSP yield SF signals,

SSSS��SF� � �Lyy��SF��yyy
�2� Lyy��vis�Lyy��IR�/�k�2,

SSPP��SF� � �Lyy��SF��yxx
�2� cos 
visLxx��vis�cos 
IRLxx��IR� + Lyy��SF��yxz

�2� cos 
visLxx��vis�sin 
IRLzz��IR�

+ Lyy��SF��yzx
�2� sin 
visLzz��vis�cos 
IRLxx��IR� + Lyy��SF��yzz

�2� sin 
visLzz��vis�sin 
IRLzz��IR��2/�k2,

SPSP��SF� � �− cos 
SFLxx��SF��xyx
�2� Lyy��vis�cos 
IRLxx��IR� − cos 
SFLxx��SF��xyz

�2� Lyy��vis�sin 
IRLzz��IR�

+ sin 
SFLzz��SF��zyx
�2� Lyy��vis�cos 
IRLxx��IR� + sin 
SFLzz��SF��zyz

�2�Lyy��vis�sin 
IRLzz��IR��2/�k2, �7�

where 
n is the incident angle of the �n beam. From mea-
surements with different 	0 and polarization combinations,
we can deduce the nonvanishing �lmn

�2� using Eqs. �6� and �7�.
The characteristics of resonances, AJq

�2�, �q, and �q, can be
obtained by fitting an observed spectrum with Eqs. �3� and
�7�. Because the SFVS process is a combination of IR and
Raman excitations �Fig. 1�a��, the resonant amplitude Aq,lmn

�2�

can be expressed as4,8,9

Aq,lmn
�2� � �

v
� 	g��l�v
	v��m�q


�SF − �vg + i�vg
−

	v��l�q
	g��m�v

�SF − �qv + i�qv

�
� 	q��n�g


�
1

�q

��lm
�1�

�Qq

��n

�Qq
, �8�

where Qq the normal-mode coordinate, �� is the dipole mo-
ment, ��n /�Qq and ��lm

�1� /�Qq are the IR dipole derivative
and Raman polarizability of the qth mode, and �g
, �q
, and
�v
 refer to the ground, phonon, and virtual states,
respectively.8 As characteristic of the crystal, Aq,lmn

�2� and Aq,ijk
�2�

should satisfy the symmetry relations given in Eqs. �4� and
�6� for �lmn

�2� and �ijk
�2�. In addition, they also vanish if the mode

cannot be both IR and Raman excited, i.e., ��n /�Qq=0 or
��lm

�1� /�Qq=0. This happens in the case of �-quartz for all
zone-center phonon modes except the E modes, and even for
E modes if the IR excitation does not have a polarization
component perpendicular to the c axis.11 Thus the only non-
vanishing elements of Aq,lmn

�2� for E phonon modes of �-quartz
are Aq,aaa

�2� =−Aq,abb
�2� =−Aq,bba

�2� =−Aq,bab
�2� , Aq,bca

�2� =−Aq,acb
�2� , and

Aq,cba
�2� =−Aq,cab

�2� . With both �vis and �SF far away from reso-
nances, we further expect Aq,bca

�2� �Aq,cba
�2� .8,9 These elements

can be deduced from the measured spectra with polarization
combinations, SSS, SPP, and PSP, described in Eq. �7�. Ex-
plicitly, from Eqs. �3�, �6�, and �7�, we have for SSS, SPP,
and PSP measurements that

WEI-TAO LIU AND Y. R. SHEN PHYSICAL REVIEW B 78, 024302 �2008�

024302-2



SSSS � 
Lyy��SF�Lyy��vis�Lyy��IR� · ��NR,aaa
�2� + �

q

Aq,aaa
�2�

�IR − �q + i��sin 3	0
2

/�k2,

SSPP � 
Lyy��SF�cos 
visLxx��vis�cos 
IRLxx��IR� · ��NR,aaa
�2� + �

q

Aq,aaa
�2�

�IR − �q + i�q
�sin 3	0

− Lyy��SF�cos 
visLxx��vis�sin 
IRLzz��IR� · �NR,abc
�2�

+ Lyy��SF�sin 
visLzz��vis�cos 
IRLxx��IR� · ��NR,bca
�2� + �

q

Aq,bca
�2�

�IR − �q + i�q
�
2

�k2, �9�

SPSP � 
− cos 
SFLxx��SF�Lyy��vis�cos 
IRLxx��IR� · ��NR,aaa
�2� + �

q

Aq,aaa
�2�

�IR − �q + i�q
�sin 3	0

− cos 
SFLxx��SF�Lyy��vis�sin 
IRLzz��IR� · �NR,abc
�2�

+ sin 
SFLzz��SF�Lyy��vis�cos 
IRLxx��IR� · ��NR,cba
�2� + �

q

Aq,cba
�2�

�IR − �q + i�q
�
2

/�k2.

These equations show that fitting of the SSS, SPP, and PSP
spectra allow us to deduce the resonant characteristics of the
E phonon modes of quartz, in particular, the resonant ampli-
tudes Aq,aaa

�2� , Aq,bca
�2� , and Aq,cba

�2� .

III. EXPERIMENTAL ARRANGEMENT

Our experimental setup, depicted in Fig. 1�b�, was similar
to that of Ref. 8. Both the visible input ��500 �J /pulse� at
532 nm and the IR input ��30 �J /pulse in average� tunable
from �8 to 14 �m were derived from a 20 ps Nd doped
yttrium aluminum garnet and optical parametric system. The
two beams overlapped on a 5-mm-thick �-quartz slab �from
Princeton Scientific Corp.� with incident angles of 45° and
57° respectively, and spots size of �200 �m. The SF output
was detected in the reflected direction using a photomulti-
plier and gate integrator system, and the spectra were nor-
malized to those from a GaAs�110� wafer. The sample was
mounted on a rotatory stage that allowed azimuthal rotation
of the sample about its c axis �also the surface normal�. Mea-
surements were performed at room temperature.

IV. RESULTS AND ANALYSES

Figures 2�a� and 2�b� present the SSS and SPP SF phonon
spectra of �-quartz taken at various 	0 in the
750–1300 cm−1 range. The PSP spectra are nearly the same
as that of SPP with 	0→−	0. Three resonant modes, at 795,
1064, and 1160 cm−1, are clearly observed in the spectra.
They can be attributed to the zone-center TO phonons that
belong to the E irreducible representation of the D3 symme-
try group, following the assignment in earlier
experimental5–7 and theoretical10 studies on �-quartz. In this

frequency regime, modes belonging to other irreducible rep-
resentations, namely, the A1 modes at �780 and 1080 cm−1

and A2 mode at �1070 cm−1,5–7,10 are not observed because
they are not both IR and Raman active. The LO phonons of
the E modes5–7,10 are not observed either because they cannot
be excited by the transverse IR field.

We can fit the spectra in Fig. 2 using Eq. �9� to deduce the
resonant characteristics of the E modes of �-quartz. For the
fit, however, we need to know Lii��IR� and �k��IR�. They
can be obtained from the known linear dielectric constants of
�-quartz5 and are plotted in Fig. 3. The strong dispersion of
the linear dielectric constant near phonon resonances leads to
the strong dispersions of Lii��IR� and �k��IR�. In particular,
�Lii��IR��2 can change by orders of magnitude across a
Restrahl band and drastically affect the SF resonant profiles.
With Lii��IR� and �k��IR� known, we can fit the SF spectra
very well using Eq. �9�, as shown by the solid lines in Fig. 2.
The deduced resonant frequencies, amplitudes �normalized
to the 1160 cm−1 mode�, and damping constants for
the three phonons modes are listed in Table I. We also found
Aq,bca

�2� �Aq,cba
�2� for all three resonant modes. We note

that for the nonresonant part, �NR,aaa
�2� �0.09 �normalized to

Aq,aaa
�2� /�q of the 1160 cm−1 mode� and �NR,abc

�2� ��NR,bca
�2�

��NR,cba
�2� �0.12

According to Eq. �9�, we have SSSS�sin2 3	0, exhibiting
a sixfold azimuthal symmetry, and SSPP� �A+B sin 3	0�2 and
SPSP� �A�+B� sin 3	0�, exhibiting threefold azimuthal sym-
metries at given IR frequencies. With 
vis=45° and 
SF
�45.5° in our experiment, we have A�A� and B�−B�.
Plotted in Figs. 4�a�–4�c� are measured SSSS SSPP, and SPSP
signals versus 	0 at the three resonant frequencies. The re-
sults indeed show good agreement with the predicted expres-
sions �solid curves in Fig. 4�. Moreover, the many data points
allow very accurate determination of the value of A /B,
hence, Aq,bca

�2� /Aq,aaa
�2� for each mode using Eq. �9�, as listed in

Table I.
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V. DISCUSSION

We have seen that SFVS allows fairly precise character-
ization of the E phonon modes of �-quartz. We can relate the
results to those deduced from IR and Raman spectroscopy on
�-quartz. Equation �8� shows that the resonant amplitude
Aq,lmn

�2� is proportional to the product of IR dipole derivative
��n /�Qq and Raman polarizability ��lm

�1� /�Qq. For each E
phonon mode, we have the following nonvanishing elements
of ��� /�Qq and ��J�1� /�Qq:5–7,11

��a/�Qq = ��b/�Qq,

��aa
�1�/�Qq = − ��bb

�1�/�Qq = − ��ab
�1�/�Qq = − ��ba

�1�/�Qq,

��ac
�1�/�Qq = − ��bc

�1�/�Qq = − ��cb
�1�/�Qq = − ��ca

�1�/�Qq.

With values of ���a /�Qq�, ���aa
�1� /�Qq�, and ���bc

�1� /�Qq� from
IR �Ref. 5� and Raman6,7 measurements reported in
the literature, we can calculate �Aq,aaa

�2� � from Aq,aaa
�2�

� �1 /�q����aa
�1� /�Qq����a /�Qq� to compare with those we

measured using SFVS. The comparison is given in of Table I
�all normalized to the 1160 cm−1 mode�, showing fair agree-
ment. The uncertainties in the calculated values mainly come
from uncertainties in the Raman measurement. We also have
Aq,bca

�2� /Aq,aaa
�2� = ���bc

�1� /�Qq� / ���aa
�1� /�Qq�, which allows us to

compare the results from SF spectroscopy and Raman mea-
surements. In Raman studies, this quantity is derived from
the polarization dependence of the scattered Raman
signals.6,7 As shown in Table I, the agreement again is fair,

with SFVS providing not only much better accuracy but also
relative signs of Aq,bca

�2� /Aq,aaa
�2� for different modes.

Generally, the SF vibrational spectra for a crystal are
much simpler than IR and Raman spectra due to the more
stringent selection rule that only phonon modes both IR and

(a)

(b)

FIG. 2. �Color online� SF phonon spectra from �-quartz with �a� SSS and �b� SPP beam polarization combinations for different azimuthal
angles 	0. The solid lines are theoretical fits using Eq. �9�.
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FIG. 3. �Color online� Calculated Fresnel coefficients and wave
vector mismatch for SF reflection from �-quartz.
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Raman active are allowed. For example, only 3 out of 13
phonon modes of �-quartz existing in the 750–1300 cm−1

range10 can be detected by SF spectroscopy. For complex
materials showing highly congested phonon spectra, this fea-
ture would help the phonon assignment. It is also easy for
SFG to distinguish the symmetry representations of the al-
lowed phonon modes from the signal variation with respect
to the sample orientation about the beam incident plane. Take

crystals belonging to the C3v �3m� point group as an ex-
ample, for which both A1 and E phonons are allowed in SF
spectroscopy.11 With the threefold axis along the surface nor-
mal, the SSS polarization combination of SF spectroscopy
only detects the E modes with a sixfold azimuthal symmetry
described by SE,SSS� sin2 3	0, but not the A1 modes. The
latter show up in SSP, SPS, PSS, and PPP polarization com-
binations but have isotropic azimuthal symmetry about the

TABLE I. Columns 1–3: Resonant frequency �q, damping coefficient �q, and resonant amplitude �Aq,aaa
�2� �

�normalized to that of the 1160 cm−1 mode� of each phonon deduced from fitting the observed SSS spectra
using Eq. �9�. Column 4: Ratio of Aq,bca

�2� /Aq,aaa
�2� deduced from experiment �signs are relative to that of the

1160 cm−1 mode�. Columns 5 and 6: Values of �Aq,aaa
�2� � and Aq,bca

�2� /Aq,aaa
�2� calculated using parameters given in

Refs. 5–7.

�q �cm−1� �q �cm−1� �Aq,aaa
�2� �expt. Aq,bca

�2� / Aq,aaa
�2� expt. �Aq,aaa

�2� �calc. a �Aq,bca
�2� / Aq,aaa

�2� �calc.

795
2 4.4
0.1 0.9
0.1 −�3.0
0.2� �1.4,b �0.7 c �2.7,b �3.7 c

1064
2 3.7
0.6 2.3
0.1 −�2.3
0.1� �2.6,b �1.7 c �2.8,b �1.6 c

1160
2 5.1
0.1 1 0.4
0.1 1 0.6,b 0.5c

aWith values of ��a /�Qq in Ref. 5.
bWith values of ��lm

�1� /�Qq in Ref. 6.
cWith values of ��lm

�1� /�Qq in Ref. 7.
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FIG. 4. �Color online� Azimuthal symmetry of SF signal at three phonon resonances with �a� SSS, �b� SPP, and �c� PSP polarization
combinations. The solid lines are theoretical fits using Eq. �9�.
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surface normal �independent of 	0�. Thus the two modes can
be easily distinguished in SFVS with different polarization
combinations and sample rotations.

In characterizing phonons, SF phonon spectroscopy gen-
erally has more flexibility than IR and Raman spectroscopy.
Because SFVS involves two input and one output beam,
each with two independent beam polarizations, it can access
a total of eight independent elements of Aq,ijk

�2� with a given
beam geometry ��i , j ,k� referring to the laboratory coordi-
nates�. In contrast, IR and Raman spectroscopies can access
only 2 and 4 of their respective elements, ��k /�Qq and
��ij

�1� /�Qq, with fixed beam geometry. Since changing beam
geometry often introduces errors and uncertainties, this
makes the determination of Aq,lmn

�2� ��l ,m ,n� referring to the
crystalline axes� easier and more accurate. This is particu-
larly true in comparison with Raman measurements of
��lm

�1� /�Qq, as we have demonstrated here with �-quartz. To
determine accurately the ratio of different ��lm

�1� /�Qq in Ra-
man measurements, for example, one generally needs a cube
sample with all sides polished and the 90° scattered radiation
collected in a limited angle through the two side surfaces.7 If
the crystal is linearly or circularly birefringent, the beam
polarization could vary as it propagates in the crystal. This
could cause further complication in IR and Raman measure-
ments. SF generation from reflection, on the other hand, has
no such difficulty because the effective interaction region is
limited to �k−1, less than a reduced visible wavelength near
the surface and within which the beam polarizations hardly
change. This also suggests that compared to Raman spectros-
copy it will be generally more convenient for SF spectros-
copy to probe phonons of thin crystalline films. Moreover, as

the conventional polarized Raman measurements yield only
magnitudes of ��lm

�1� /�Qq, SF spectroscopy can further pro-
vide information of their relative signs as demonstrated in
our study.

VI. CONCLUSION

We have used SF spectroscopy to probe zone-center
phonons of �-quartz in the 750–1300 cm−1 range. Because
only phonon modes that are both IR and Raman active are
allowed in SF spectroscopy, the observed spectra are greatly
simplified. Only transverse E modes appear on the spectra of
�-quartz. This simplification could be advantageous in stud-
ies of crystals with more complex unit cells that could lead to
more congested IR and Raman spectra. Being a second-order
nonlinear optical process involving three separate beams, SF
spectroscopy offers great flexibility in measurements. It can
allow easy and accurate characterization of phonon proper-
ties, such as symmetry representation and relative magni-
tudes and signs of their Raman polarizability elements. What
we describe here is generally true for crystals without inver-
sion symmetry, and this work is a demonstration that SF
phonon spectroscopy can be a useful complementary tool to
study zone-center phonons of such crystals.
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